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A® the famous Problem of the Ancients concerning Inclinations 
| (or the method of drawing a right line through a given point, 
1o that the part thereof intercepted between two given lines may 
be of an aſſigned length), does not appear to have been publicly 
conſidered, ſince the days of Apollonius, by any other authors 
than Ghetaldus and Dr. Horſley ; and as it is allowed, by the beſt 
Judges among the Moderns, to be of the greateſt utility in geome- 


trical conſtructions, and was honoured by the Ancients wien a 


diſtinguiſhed rank among their elementary treatiſes of Compoſi- 
tion and Reſolution; it is preſumed that the following attempt 


to render the ſame more general and explicit, can ſtand in need of 


no other apology for its publication, than what the imperfections 
of its execution may require, and which the Author flatters himſelf 


are neither numerous nor of much conſequence ; for though the 
whole was begun and finiſhed in leſs than a week, it was done 


with ſome degree of care: andthe Author having ſince had a fight 
of Pappus's Collections, finds reaſon to conjecture that he has 
come nearer to the ſpirit of the oreat original, than the produc- 
tion of the Reverend Compiler.. For as to the work of Dr. Hor- 
ſley, it is ſplit into ſuch an infinity of different caſes, frittered into 
ſo many diviſions and ſub-diviſions, and treated beſides in a man- 
ner ſo cloſely bordering upon Algebra, that it does not appear to: 
have the leaſt ſimilarity to any of the genuine productions of A- 


pollonius ; and what makes it ſtill more defective, he has not only 
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leſt his Conſtructions undemonſtrated, but has entirely omitted 
thoſe very material propohtions which make the third and fourth 
Problems of the following book; not to mention the inelegance of 
his method, his virulent remarks, and his arrogant and contemp— 
tuous expreſions againſt former writers. The Author therefore 
hopes, that if the following ſhould mect with the approbation of 
Mathematicians, any apology for treating the ſame ſubject after 


the Doctor will be entirely ncedlels, 


AN. 


AN 
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F DC and Q/ are two right lines meeting in A; and if CA 

and AD differ leſs irom equality than QA and A/; then 

if the rectangle DAC be cqual to the rectangle FAQ, DC will 
be leſs than Q. See Lig. I. 

Let CD and Q / be biſeQed in m and n; then becauſe CA dif- 


fers leſs from AD than QA from Af, Am is leſs than An; but 


CAD-A hr Dm D' and QOA/+An n e; therefore Dm is leſs 
than nf, and conſcquently DC 1s leſs than .. 

Corollary, Hence if AQ be greater than AC, AD will be 
greater than Af, and the contrary, 

2. I ie recta angle DAC be equal to QA f, and AD be leſs 
than A/; DC will be greater than Q f, and the nearer AC and 
AD approach to equality, the leſs will CD become. See Fig. II. 

For if DC be not greater than Q f, it mult either be equal or 


leis, and becauſe AD is leſs than Af, the ſum AC 1s lels than 


AQ; and therefore the rectangle CAD is leſs than QA, v which 
is abfurd: the other part is ſelf-evident. 

In the ſame manner, if the rectangle DAC be equal to QA /, and 
AC be greater than AQ, Af will be greater than AD, and CD 
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greater than Q/; alſo when AD is the leaſt, DC will be the 
greateſt; and when CD is greater than Q AC will be greater 
than AQ; and vice verſa. | 


STEM LL 


FF FB be a given circle, and CQ a line at right angles to its dia- 
mcter; required to draw AQ through the interſection of the 
diameter and the circumference A, ſo that QF may be of a given 
length. | . 
Axalvsis. Join FB, then becauſe AFB and ACQ are right 
angles, and che angle A common, the rectangle FAQ=BAC; 
but FQ and the rectangle CAB are given, therefore AF is alſo 
given: Hence this CoxnsTRUCT1ON : 

Let / be the given line, and find the point a ſo that the rect- 
angle qaſj=BAC and let AF be taken S/ meeting the line CQ 
in Q, then QF will be equal to the given line. 

DruoxsTRATION. Join BF, then becauſe AFB and AC O are 
right angles, and the angle at A common, the points BFCQ are 
in a circle, therefore the rectangle BAC=QAF=qa by con- 
ſtruction, and AF=af by conſtruction, therefore QF =. 

Liuitations. Firſt; Let AC be greater than AB (ſee Fig. III.), 
then as AF is leſs than AB, and AB: AC = AF AQ, therefore 
by the Lemma, QF will be greater than B C, and therefore BC is 
its limit. Secondly, Let AC be leſs than AB, then as AF is leſs 
than AB, QF will be leſs than BC, and as AF decreaſes, FQ alſo 
decreaſes till they become equal, and after increaſes indefinitely. 

In Figure IV. AB is either greater, equal, or leſs than AC: If 
greater, take AN=AC, and draw the perpendicular NF mecting 

the 
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the circle in F, and draw AFQ which will be the leaſt line poſ- 
fible by the Lemma, becauſe the rectangle BAC and QAF are 
equal: if AB is equal to AC, BC will be the leaſt by the ſame 
reaſon; and if AB be leſs than AC, BC will ſtill be the leaſt, be- 
cauſe while AF decreaſes Q increaſes. 
Scrorium. The conſtruction of the above is ſimilar to Mr. Simp- 
ſon's, and that uſed in the following Problem, is not materially 
different from the method of Ghetaldus. 
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FC, and dbgq are two lines given in poſition, meeting in b, and 

a a point given in the line biſecting the angle ch; it is required 

to draw a line through the given point a, meeting bc in /, and bd 
in q, ſo that gf may be of a given length. See Fig. VI. & VIII. 

Avalrsis. Suppoſe it done, and FBQ to be equal and ſimilar 


to fbq; then as the angle FBQ is given, the point B will fall in 


the circumference of a circular ſegment deſcribed on FQ contain- 
ing the given angle FB; alſo AB meets the circle, for A is 
within the circle in Fig V. and in Fig. VII. if BG was to touch 
the circle, FBG would be equal to FO by Euclid, Prop. XXXII. 
b. iii. and as FBG is equal to CBA or ABQ, ABQ would be equal 
FOD, which is abſurd ; therefore let AB meet the circle in G and 
Join G, Q and F, then becauſe the angles CBA and ABQ are 
equal, G BY and DBG are alſo equal; but GBF is equal to GQF, 
and DBG equal to QFG, therefore GQF is equal to GFQ, and 
conſequently the point G biſects the arch FGQ; and the line 
A is alſo given: hence this | 
ConsTRUCTION. On the given line FQ deſcribe a ſegment of a 
circle FBQ containing the given angle cd, and biſect the arc 
| Cc TG 
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FG Qin G, then through the point G draw a line G BA ; ſo that 
AB, the part intercepted, between FQ, and the circumlerence 
may be equal to ab, and join FB and BQ; and in bc take bf 
equal to BF, and join af meeting bd in q, then gf is equal to QF, 
the line required. | 

Drmoxnstration. For becauſe the arc GQ=GF, the angle 
DBG=GFOQ=GBF, and DB C is equal de; therefore ABF 
is equal to ab f, and becauſe AB and BF are equal to ab and bf, 
by conſtruction; therefore af is equal to AF, and the angle ba 
equal BAF and BAQ=bag, conlcquently as ab, baq and abg 
are equal to AB, BAQand AB Q, ag is equal to AQ, and there- 
fore / is allo equal to QF. 

LnuiTatTion. Tt is evident that / is unlimited in the fixth 
Fi. ure, becauſe. the ſides %, bf increale, while the angle qbf re- 
mains conſtant ; but in Fig. VIII. draw 2m through the point a 
perpendicular to ba, and nm will be the limit of fq; for the angle 
bma is equal to bn a, but bm a is greater than b/a, therefore ang is 
greater than afm; wherefore if the angle ans be made equal to 
am the points mA, will be in a circle, and the rectangle man 
fas; and as ma is equal to an, /s is greater than mn by the Lem- 


ma, much more /. 


M NU 


AVING iwo circles BC and DFN, whoſe centres are R 
and S, given in magnitude and poſition, and allo the point A, 

fo poſited in the line joining the centres, that AB: AC:: AD: AN; 
it is required to draw a line through the point A meeting the circle 
B QC inQ and , and the circle DFN in F and /, fo that the 
intercepted part QF, qf, qF or Q may be of a given length. See 
Fig. IX. X. XI. XII. and XIII. NV. B. 


tf al 


N. B. When the circles are deſcribed as above, then AC: AN 
: AB: AD: : AQ: AF:: Ag: Af, and the parts QC and FN, By 
and Df, &c. are fimilar parts; but QC and Df, Bꝗ and NF, &c. 
are called diſſimilar parts: alſo the rectangle BA +» AN=AC- AD 
SAY AF=AQ- Af, Kc. this follows from the Vth Prop. of 
Apollonius on plane places. | 

AxarLvsis. Suppole it done, and Q F*he given line; then be- 
cauſe AQ: AF:: AR: AS, RQ is parallel to SF; and therefore if 
RM be parallel to QF, RQ will be equal to FM; but RQ is con- 
ſtant, therefore FM is conſtant; and SF is conſtant, therefore 
SM is conſtant, and conſequently the locus of the points M is a 
circle; and the analyſis is the ſame for gf: allo AQ: Af is equal 

to AC: AD or AB AN; hence this CONSTRUCTION: 
1. To have the line QF intercepted between the ſimilar parts 
of a given length. Take NG from the end of the diameter of the 
greateſt circle, equal to the radius of the other, and with the diſ- 
tance SG deſcribe a circle, and from R take RM of the given 
length; join SM mecting the circle whoſe diameter is DN in F, 
and join AF meeting the other circle in Q, then FQ ts the line 
required; and the proceſs is exactly ſimilar for qf as appears from 
the Figure. | | 

2. To have the given line Q f or qF intercepted between the 
diſlimilar parts. Find a point A in the given line Q f ſo that 
QA A/ may be equal to AB AN, then AQ heing thus found, 
and the point A given, the poſition of AQ will be given. 

DruoxsTRATIOx of the firſt part of the Conſtruction. AS: AR 
AF: AQ by Propoſition V. of Apollonius, therefore by Prop. II. 
vi. Eucl. SF is parallel to RQ; and MF=RQ=NG by con- 
ſtruct. therefore Q F is equal and parallel to RM; and by parity 


of reaſon, gf is equal and parallel to Rm. 
= | Tur 


11 


Tur ſecond part of the Conſtruction is ſelf- evident from the 
aforeſaid propoſition, for AQ + A f is given and Q f is given by 


hypotheſis, therefore AQ 1s given. 


Lrurtations of the firſt, or ſmilar parts. | 
OF mult not be greater than CN: for RC=GN, therefore 


RG=CN, but RM cannot be greater than RG, therefore Q F 
cannot be greater than CN. 

Ars gf cannot be leſs than BD: for B RS DA, therefore Rn | 
DB; but Rm cannot be leſs than Rn, therefore Rm or / can- 
not be leſs than BD; and the other limit is Te. 

LiiTations of the diſſimilar parts. 

Herz AD is either leſs than AC or not leſs. 

1. LIT AD be leſs than AC, and through A draw QA meet- 
ing the circle DN in /, ſo that Q A=Af, then will Q f be the leaſt 
line that can be drawn through A: for DA- AC A- Af, and 
Af=AQ, therefore DC is greater than Q by the Lemma; there- 
fore Q f cannot be greater than D C when drawn on the fide of Q 
next C, nor greater than Tt when drawn on the other fide of Q: 
here Tt are the points of contact. 

By parity of reaſon F cannot be greater than BN, nor leſs than 
T.; for A AT SYBA AN and Ag is greater than AB, there- 
fore q A and AF difler leſs from equality than BA and AN, 
therefore qF is leſs than BN; and as A is greateſt at t, T will | 
be the leaſt by the Lemma. | | 

2. LEr AD be not leſs than AC; then as AD mult either be 
equal to AC or greater; and as A A= AC AD and Af is 
greater than AD; therefore by the Lemma, / mult be greater 
than DC ; and as AQ decreaſes till it comes to ft, fo Q f increaſes 
till it becomes T; therefore cannot be greater than F nor 


leſs than CD. 
AlsO 


B 
Arso Fq cannot be greater than BN nor leſs than Tt: for 
A/ AF=BA+ AN, and Ag is greater than AB, therefore gA 
and AF differ leſs from equality than BA and AN; therefore gF 


is leſs than BN; and as Aq increaſes till it is greateſt at “, Tt will 
then be leaſt, and conſequently q F cannot be lels than T. nor 


greater than BN. | 
ScyoLlum. lt is evident that when the point A falls within 


the circles, fQ and F may interchange politions; however, the 
limits will ſtill be included in one or other of the caſes: it is alſo 
evident that all thoſe caſes where the circles touch one another 
and A is the point of contact, are only particular caſes of the 


above Problem. 
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AVING two circles, RBC and K FT given in magnitude and 

poſition, and alſo the poſition of a right line; it is required 

to draw a line parallel to this line, ſo that the part intercepted be- 
tween the circumferences ſhall be of a given length. 

Axalxsis. Suppole BC parallel to the line whole poſition is 
given, and QF to be the given line, QR joined, and FD parallel 
thereto; then as OF is parallel to RD, and DF parallel to RQ, 
RD will be equal to QF and DF equal to RQ; hence this Cox- 
STRUCTION : 

Tae RD equal to the given line, and with the centre D and 
diſtance R, deſcribe a circle cutting the circle K TF in F, and 
draw FQ parallel to RD: the conſtruction of all the other caſes is 
the ſame and the Demonſtration is ſelf-evident. | 
DzeTERMINATION of the Limits. 


AxaLvs1s, Suppole (in Fi. XIV.) the circle KTF to move pa- 
| D | rallel 
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F 24 7 


rallel to itſelf, and the line CB, along KS till it touch the other 
circle in Q; and let S be its centre at that inſtant; then it is evi- 
dent that each part of the circle has moved equal diſtances, and 
F being the point that firſt touches the other circle, FQ will 
be the leaſt poſſible, and RS, the diſtance of the centres, is equal to 
the ſum of the radii, alſo if the motion be continued till KTF 
touch RBC outwardly on the contrary ſide, as at 9, it is evident 
that /q will be the greateſt line that can be intercepted. Alſo in 
Figure XV. ſuppoſe the circle KTF to move parallel as before, till 
it touch the other circle inwardly at Q, then FQ will be the leaſt 
poſſible; and in that caſe the diſtance of the centres RS is equal 
to the difference of the radii: alſo, if the motion be continued till 
the circles touch outwardly as at H, then FH will be the greateſt 
line that can be intercepted on that fide; and by the ſame method 
of reaſoning, ſk and fq will be the leaſt and greateſt lines that can 
be drawn on the other. Hence this ConsTauctiov. | 
Draw RC through the centre of one circle parallel to the line 
given in poſition, and from the other centre K with the diſtance 
K D, equal to the ſum or difference of the radii, interſect DR in 
d and D, join K, d and D meeting the circle K TF in F and F, and 
through theſe points draw lines parallel to DR, meeting the circle 
RPN in Q and 9, and the circle KFT in Fand, then will FQ and 
be the leaſt lines, and /, FH the greatelt that can be intercept- 
ed between the two circles. | 
DrxuoxsTRATIONV. For, draw any other line mn; then FO=ma, 
but m a is leſs than n, therefore F' 1s leſs than mn: allo fq is 
greater than 75, for ſq=rh, but 7/4 is greater than 75, therefore fq 
is greater than 75, 
Heixce alſo it appears that if h and TP be tangents parallel to 
RD, then will 7 þ and FP be the limits of the lines Fil and FH; 
| and 


3 ] 
and 18 and TN thoſe of fk and fq;, and the ſame method will 


ſerve however the figures and caſes may be varied. ; 

Scholluu. This Propoſition is that particular caſe of the gene- 
ral Problem in which the gay n is ſuppoſed to be removed 
to an infinite diſtance. 
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AVING two concentric circles DAS and EBQ given in poſi- 
tion and magnitude, and alſo a given point P, it is required 


to draw a line through P, ſo that the intercepted part Q S may be 
of a given length. 

ConsrTruction. Join PC, and parallel thereto, take DE or De 
of the given length by the laſt Propoſition; on De let fall the per- 
pendicular CW, and with this diſtance and the centre C deſcribe 
a circle, and from P draw the tangent to it PR, meeting the con- 
centric circles in Q, q and S then will Q S or gs be of the given 
length. 

Fox SM=DK and Q q=Ez, therefore SR=DW and --» 
and conſequently SQ=DE and Sq=De. 

LiviTaTION. SQ cannot be leſs than AB, nor greater than NT, 
and Sq cannot be greater than Ab, nor leſs than NT. 


ScnoLIUM. The method is exactly the ſame Wann poſition 
P may take, and 1t is evident that When the two circles coincide, De 
becomes DK, and the Conſtruction is then that particular caſe 
which makes the XLIVth and XLVth propoſitions in p. 192 of 
Gregory St. Vincent, which Dr. Horſley has, with his uſual ac- 
knowledgment, made the firſt and ſecond propoſitions of his Re- 
iloration. 
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mM VI. 


HAVING two given circles AFB and 50 which touch each 


other at B, and alſo a given point A, made by the inter ſec- 


tion of the line 1 Joining their centres and the circumference ; It 15 


required to draw a line through the given point A, meeting the 


circle whoſe diameter is AB in F, and the other circle in Q ſo 


that FO may be of a given length. Sce Figures XVII. XVIII. 
XIX. XX. XXI. and XXII. 135 | 
Anat:$1s. Suppoſe that AQ, the line whoſe poſition is required, 


meets the circle AFB in F, and the circle BQD in P and Q, and 


that FQ is of the given length; biſect DB in , and ſuppoſe BF and 
DP joined, and mn and DS perpendicular to AQ, allo let BK be 


parallel to DP; then becauſe BF, mn and SD are parallel, and 
BE , D, Fn is allo equal to 15S, but Qu Yu P, therefore PS is 


equal to Q; alſo becauſe AD: AB: :AS: AF: :AP: AK, therefore 
AD: AB:: PS: FK, but PS is equal to QF, therefore AD: AB: 
OF: FK and QF is given by hypotheſis, therciore FK and OK are 
allo given; and becauſe the angle AQ is equal to ADP which 
is equal to ABK, therefore the triangles ABK and AQB are ſimi- 
lar, and therefore AQ: AK = AB: Hence this 


CoxsTRUCTION. Let / be equal to the given line, and take f+ 
a fourth proportional to AD, AB and 9q f, then find the point a fo. 


that the rectangle 44% may be equal to AB, and make AQ=aqg, 


then QF will be the line required. 
DrmonsTrATION. For join BQ and DP, and draw BK parallel 


to DP; then becauſe the angle ABK = ADP, and ADP=AQB, 
by iii. Euchd, Prop. XXXII. therefore the triangles, ABK AQB, 
are ſimilar, and therefore AK A = AB =ak-agq by conſtruction, 


t AQ=agq, therefore AK=ak and K =; but becaule B 


m D, 


f 74 
m D, Fn is equal to S and FQ to PS; and as the triangles KBF 


and PSD are ſimilar, AD: AB:: PS: FK: : QF: FK; but by Con- 


ſtruction AD: AB: :4f: /, therefore QF: FK: : 9% /, and conſe- 
quently QF: Q K: :/: 94, but QK =qk, therefore XFN. 


Mxrhop of determining the Limitations. | 
Axalvsts. Becauſe QF:FK::AD: AB, therefore the ratio of 


QF to QK is conſtant, and conſequently when QK is the leaſt or 


greateſt poſſible, QF will be the leaſt or greateſt alſo; but becauſe 
AK AQ=AB? and the locus of all the points Q is a circle, there- 
fore the locus of all the points K will be a circle ſimilarly deſcribed 
with thoſe in the firſt Problem, by Prop. IX of Apollonius; and 
therefore if the point G be ſo taken, that AD: AB: : AB: AG, 
and upon GB a circle be deſcribed, and the limits for the circles 
DB and BEG be found as in that Problem, the limits for the 
circles DOB and AFB will alſo be determined by the ſame ope- 
ration. , 

Hexct FQ i in Fig. XVII. and XIX. cannot be greater than the 
part of the tangent Af to the circle B,? D intercepted between the 
circumference BF and the point of contact /; nor leſs in Figures 
XVIII. and XX.; for AK AQ is conſtant in all the caſes, and 
while AQ in Fig. XVII. increaſes, Q K, by the Lemma, alſo in- 
creaſes, and conſequently QF which is in a conſtant ratio to it; 
but AQ is greateſt when it becomes At, therefore QF is then 
greateſt alſo; and the contrary takes place in Fig. XVIII; allo in 
Fig. XIX. QK (by the Lemma) increaſes while AY decreaſes, and 
when AQ is leaſt, or becomes At, QK and conſequently QF will 
then be greateſt; and in Fig. XX. the reverſe takes place, for 
there AQ is leaſt at AD and greateſt at Az, and therefore the li- 
mits of QF are DB and H, ſuppoſing the tangent Af to meet the 


circle AHB in H: allo in Fig. XXI. OK has a conſtant ratio to 


E QF 


( WJ 


OF and AQ AK AB; therefore while AQ decreaſes, OK and 
conſequently OF increafes ; but AQ is leaſt at AH, therefore QK 
and conſequently Q is then greatefi, and by the ſame reaſon, in 


Fig. XXII. QF cannot be leſs than AH, nor greater than DB. 
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AVING two circles AFB, NQD given in magnitude and po- 
ſition, and alſo the given point A in the line joining their 
centres; it is required to draw a line through the given point A 
meeting the circle AFB in F, and the circle ND in Q, ſo that the 
part FO intercepted between the circumferenccs may be of a given 
length. Sce Fig XXIII. XXIV. &c. to XXXIV. 

AnAaLvsis. Suppole FQ the given line which paſſes through A 
meeting the circle DON inPandQ, and the circle AFB in F; join AF, 
and take DR cqual, and in a contrary direction to NB, and draw 
RS parallel to BF, and parallel to RS draw mn through the centre 
of the circle DPN, meeting Q in u, and biſecting it, becauſe AFB 
is a right angle; allo take the point H ſo that AR: AB:: AD: AH, 
join DP and draw HK parallel to it, meeting AQ in K; then be- 
cauſe NB=DR and NH m D, BE m R, and conſequently as BF 
mn and RS are parallel, Fu is equal to n S but Qn = P, therefore 
FO=SP; now, by limilar triangles, AR: AB:: AS: AF and AD: 
AH: : AP: AK, but AR: AB:: AD: AH; therefore AR: AB:: SP: 
FK, but SP is equal to QF, therefore AR: AB:: QF: FK; but QF 
is given by hypotheſis, therefore FK, and conſequently QK, are 
allo given: allo the angle AHR=ADP, and ADP=AQN by 
Euclid, Pr. XXXII. Book vi. therefore the angles AHK and AQN 
are equal, and conſequently AK AQ=AH- AN. Hence this 

CoxstRUCTION. Take DR equal, and in a contrary direction to NB, 

and. 
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and let gf be the given line, alſo take AR: AB:: AD: All, and let 
J be a fourth proportional to AR, AB and gf; then find the 


Point a fo that g NA AH, and take * then QF 


will be the line required. 
DruoxsrnAT ION. Join DP, NQ and BF, ark mn a RS pa- 


rallel to BF, and HK parallel to DP; then becauſe the angle 


AHK ADP and ADP=AQN, therefore AHK =AOQON, and the 


triangles AHK, AON are filnilar; wherefore AH- AN=AK- AQ 


but AH: AN--ak-ag, and Ag a. therefore a = AK and KA 
—kq; but becauſe BN=DR and N em D, Bm /m R, and Fn= 
8, but On=Pn, therefore FO=PS; allo becauſe AR: AB: :AD 
: AH, and AR: AB:: AS: AF and AD: AB:: AP: AK, therefore 


AR: AB:: SP: FK, but SPS OF, therefore AR: AB: :QF:FK; 


but by Conſtruction, AR: AB: :qf : fk, wherefore Q F: IK: %: 


fh, and conſequently QF: QK: :q4f:qk, and AK =qk, therefore 


QF=goþ. 

Conoltany, Becauſe AR: AB:: AD: AH, therefore AR: AB:: 
NB: BH, but AR: AB:: QF: FK, therefore NB: BH: b FR; 
hence it alſo follows that if the circles whoſe diameters are ABand 
DN interſect each other, and if AD: AN: : AH: A G, then will the 
circle deſcribed on HG pals alſo through the ſame point of inter- 


ſection with the other two circles; for as QF has a conſtant ratio 


to FK, and the points Qand F coincide at the point of interſection, 
K will alſo fall then in the ſame point. 
Dz#TERMINATION of the Limits, 


Becavse AK * AQ AH AN, and the locus of the point Q is a 


circle, the locus of the point & will allo be a circle by Prop. IX of | 
Apollonius; and if AG be a fourth proportional to AD, AN and 
AH, and on GH a circle be deſcribed, iis circumference will be the 


locus of all the points K; and as QF is in a conſtant ratio to QK 
it 
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it is evident that QF will be che leaſt or greateſt when QK is leaſt 
or greateſt; and the circles GK H and NQ D being ſimilarly ſituated 
with thoſe in the firſt Problem, the limits may be determined in the 
ſame manner; or according to the following method. 

Ficunk XXIII. Becauſe AK Ar AH AN, therefore when 
AQ is greateſt, QK is alſo greateſt, and when AQ is leaſt, QK is 
leaſt by the Lemma, and conſequently OK which is to QF in the 
conſtant ratio of NH to NB; but AQ'is leaſt when it becomes AN, 


and greateſt when it becomes the tangent A“; therefore BN and 


are the leaſt and greateſt limits. 
Fic, XXIV. Here AQ is leaſt when it becomes At, and greateſt 


when AN, therefore by the ſame reaſon as the laſt /“ and BN are 
the leaſt and greateſt limits. 

Fig. XXVII. and XXIX. By the ſame method as above, tf here 
is leaſt and NB the greatelt. | 

Fic. XXVIII. Here is greateſt and NB the leaſt for the ſame 
reaſon. | 

Fic. XXX. Here tf and NB are both the greateſt limits. 

Fic. XXVI. Here AH is either greater, equal, or leſs than AN: 
Fir/t let them be cqual ; then as AN AH=AK AQ; and AQ is 
leſs than AN; QK will be greater than HN, and when AQ is leaſt, 
or becomes At, QK will be greateſt, and alſo QF which is to QK 
in a conſtant ratio; hence HN is leaſt and // greateſt. Secondly, let 
AH be greater than AN; then becauſe AQ is leſs than AN, and 
AK greater than AH, QK will by the Lemma be greater than NH, 


and therefore the limits are as in the former caſe. Thirdly, let AH 


be leſs than AN; then as AQ decreaſes, and AK increaſes, they 
either become equal before Q F touch the circle DAN, or not; if 
they do not, it follows from the Lemma, that as QA and AK ap- 


proach towards a ſtate of equality, QK decreaſes, and conſequently 
| Q F 


1 


QF cannot be greater than BN, nor leſs than ft; but if they arrive 
at equality before Q comes to t, then to find QF the leaſt, draw 
the line KQ through A, ſo that KA=AQ, then KQ will be the 
leaſt poſſible, and conſequently QF, which is in a given ratio 
thereto; and the other limits are ſtill ft and NB, as before. 

Fic. XXV. Let AD: AN::AH:AG, and on GH deſcribe a 


circle which will be the locus of all the points K; now AH is 


either greater, equal, or leſs than AN; if AH be greater than 
AN, draw KA ſo that AK=AQ, then becauſe HA: AN=KA- 


AQ and KA=AQ, K will the leaſt line that can be drawn be- 


tween the peripheries, and conſequently FQ will be a minimum 
alſo; and the maximum will be when K is a tangent to NQP; 
for as K muſt fall between H and the point where ft touches the 
circle HKG (otherwiſe the point Q would be beyond the point of 


contact t, which would bring it under the caſe of Fig. XXVI.) ; 


therefore as AK is leaſt when AK touches the circle HKG, or 
AQ touches NQD, BN and ft are the limits of QF: If AH be 
equal to AN, then HN will be leſs than KQ, and the maximum 
will alſo be when KAQ touches the circle NQP; for as KA de- 
creaſes, KA and AQ differ the more from equality, and of conſe- 
quence KQ increaſes, and alſo QF: If AH be leſs than AN, then 
becauſe KA is leſs than AH, and AQ greater than AN, KA and 
AQ differ more from equality than HA and AN; therefore K 
is greater than HN. and increaſes till it becomes the tangent, and 
the limits of QF are /t and BN. | 

Fre, XXXIII. Becauſe AR: AB:: NB: BH, and DB NR, 
therefore if AD be leſs than AN, AR is greater than AB, and 


conſequently NB greater than BH, therefore the point H falls 


within the circle; and as AK AQ=AH-AN and AQ is leſs 
F than 


13 1 


than AN, K is leſs than NH, and as AQ decreaſes till it arrives 
at T, ſo OK decreaſes till the point F comes to A; therefore 
QF cannot be leſs than AT, nor greater than BN. If AN be 
leſs than AD, then NB will be leſs than Bh, and + falls 
without the circle; and becauſe AN: A AQ Ak and AQ in- 
creaſcs, therefore Q+ decreaſes and conſequently QF; therefore 
in this caſe alſo, AT and BN are the limits of QF. If AD be equal 
to AN, then AR=AB, and NBS SBI, therefore H falls upon N, 
and as AQ is conſtant, and AF decreaſes till F comes to A, AT 
and BN are ſtill the limits of QF, | | 

Fic. XXXII. Becauſe AR: AB:: NB: BH, and DR is equal 
to BN, if AD be greater than AN, AR is greater than AB, and if 
lels, leſs, and NB greater, or leſs than BH reſpectively, and H falls 
accordingly either without or within the circle NGO D ; and as the 
rectangle NAH is equal to KA, if H fall without the circle; as 
AQ increaſes OK (and conlequently QF, which is a given ratio 
to it) decreaſcs till AK and AQ become equal and the circles in- 
terſect, and OK and QF vaniſh; and afterwards QK increaſes 
again till AQ becomes AT. which is evidently its Limit, for if it 
was to move farther it would become the cafe of Fig. XXXIII. 

Fic. XXXIV. If AN be leſs than AD, AR is leſs than AB, 
becauſe AR: AB:: NB: BH, therefore NB is leſs than BH and the 
point H falls without the circle, and OAK Leing conſtant, while 
AQ increaſes towards T, QK decreaſes; therefore NB and AT are 
the limits of QF: if AN be greater than AD, H falls. within the 
circle for the ſame reaſon as above, and AQ and K decrecale to- 
cether and conſequently F; and the limits are as before. 

Fic. XAA1. Here DA and AN are either equal or unequal; 
if equal, becauſe AR: AB:: NB: BH and AR equal AB, NB is caual 
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to BH, therefore the points H andN coincide, and KFbecomes QF, 
and as AQ is conſtant, and AF decreaſes, QF increaſes till it be- 
comes AT, and decreaſes till it becomes BN, therefore BN and AT 
are the limits of QF. If AN be greater than AD, ABis greater than 
AR, and NB greater than BH; therefore the point H falls without 
the circle, and as it is greateſt at N, N and Ng are then leaſt; and 
as AQ decreaſes till it becomes AT, Q increaſes; therefore NB 
and AT are the limits. If AN be leſs than AD, by the ſame rea- 
ſoning the point H falls within the circle, and as AQ increaſes, 
QK alſo increaſes and conſequently QF, therefore BN and AL 
are ſtill the limits of QF, as before. f 

Ix the ſame manner the limits may be deter however the 


Poſitions of the figures may vary. 
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ON THE 


DOCTRINE OF PROJECTILES. 


PF R E F A a 


FH following Conſtructions are not only of ſervice in re- 
ſolving the common queſtions of Gunnery on the parabolic 
hypotheſis, but are likewiſe applicable to many other problems 


where the elliple and hyperbola are ſimilarly concerned; for as 


in the parabola, lines drawn from a point in the curve to the focus 


and directrix are equal, ſo in the other conic ſections they are in 


a conſtant ratio to each other; from whence the method of Con- 
ſtruction here given may be eaſily applied to the other caſes. 


TonicrIII ſcems firſt to have ſhewn that the greateſt range on a 
horizontal plane would be made at an elevation of 45 degrees, if 
the air had no reſiſtance; Dr. Halley afterwards, rendered that 
diſcovery much more general, and proved that the greateſt range, 
on any inclined plane, was made when the direction of the piece 
bifected the angle made by the plane and the zenith; yet in both 
caſes it was ſuppoſed that the piece itſelf was in the plane, which 
ſeldom happens. But to find the direction to have the greateſt 
range when the piece itfelf is above or below the given plane, is 
a much more difficult problem ; and as its ſolution has never 


G yet 
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yet been 8 Kd given, it 1s added here to render the ſubject 
complete. 


As the computations may be readily ls from the Conſtruc- 
tions, the trigonometrical rules are omitted, and the more ſo as 
they can be of little uſe in their preſent form, without corrections 
on account of the air's reſiſtance: this evidently follows from 
the additions made by the learned Mr. Brown to his excellent 
Tranſlation of Euler's Gunnery. However, leſt the Reader ſhould 
think the book incomplete without them, a ſmall piece is added 
containing a different method of Conſtruction, and an inveſtigation 
of the uſual rules: ; Which if any one chuſes to ſee exemplified, I 
would particularly recommend him to that clegant piece on Pro- 
jcctiles i in Mr. Simplon's Select Exerciſes; for as to thoſe produc- 
tions that bear the names of Waddington, Glennie, &c. they are ſo 
contemptible as to entitle their authors to no other part of the 
public indulgence but t%e running banquet of two beadles.” 


Ir being often neceſſary, in the practice of Gunnery, and on 
many ather occaſions to extract the cube root, T have, notwithſtanding 
it is rather out of its place, given here the following rule for Per- 
forming that operation, which will be found much eaſier to be 
remembered than the common method, and far more exact and 


| expeditious. 


Rr. Tioice the neareſt cube, added to the riven number, is to the 
difference between the given number and the neareſt cube, as the root of the 
neareſt cube, to the correction; which mi ij be ADDED {0 ihr root of the neare/t 
cube, if the neareſtcuge is lejs than lie gromn Num „ Olherwiſe SUBTRACTED, 
This rule is deduced ir om article XIV. of xa Diary for 1778. 
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PROPOSITION L 
HE ſpace deſcended by a falling body, near the earth's ſur- 
face, is as the ſquare of the time. 

For the ſpace deſcended is as the time and the 'velocity, but the 
velocity being uniformly accelerated, is as the time; therefore the 
ſpace is as the ſquare of the time. 

Ir d repreſent the diſtance, , the time, and v the velocity; then 
as the ſpace deſcended in the firſt ſecond is found by experiment 
to be nearly 16 Feet, we ſhall have this equation, d 21645 : allo, 
as the body in falling any diſtance, acquires a velocity capable of 
carrying it uniformly over twice that diſtance in the ſame time, or 
through a ſpace of 32 feet; and as the velocity is as the time, 
therefore 1 ſecond is to 32 feet as the time to the velocity, and 
conſequently v=g2t; from which equations we have the follow- 
ing expreſſions for each quantity, viz. d=#v* =16t ; v=84/d 
gat; d=. | 

Corollary. Hence the ſpaces deſcribed in equal ſucceſſive por- 
tions of time, are as the numbers 1, 3, 5, 7, &c. 


PROPOSITION IL - rp 
HE curve deſcribed by a projectile in a non-reſiſting medium: 
is a parabola. | 
I xr the body be projected from A in the direction AC (See Fig. 
XXXYV.), and deſcribe the curve AD, then the motion of the body 


may 


- 1 - 
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may be relolyed into two motions; one of which, in direction AC, 
is uniform, and therefore is as the time; the other, in direction 
CD, ariſes from the accclerating force of gravity, and therefore 
is as the {ſquare of the time, by Prop. I.; wherefore CD is as the 


Jquare of AC, and conſequently the curve is a parabola, 


oN III. 


+ 


HE velocity of a Projectile, in any point of the curve, is the 


lame as the body would acquire by ſfaliing through a ſpace 


equal to the fourth part of the parameter belonging to that point.“ 


As the body deſcribes AD by the compound forces of gravity 
and projection, in the ſame time as it would deſcribe CD and 
AC by theſe forces feparately ; and as the velocity acquired by 
falling through CD would carry the body uniformly through 
twice CD in the ſame time, therefore the velocities being as the 
ſpaces, twice CD 1s WAC as the velocity at D to the velocity at 
A; now, in order to find the ratio of CD to AC, when the velo- 


city acquired by falling through CD is the ſame as the velocity at 
A, we have only to ſuppole the two firſt terms of the proportion 


equal, viz. AC, and twice CD, and we have AC equal to 4 CD* ;. 


but AC? is equal to the rectangle of CD and the parameter, there- 
{ore the parameter is equal to 4times CD, or CD one fourth of the 
parameter, and hence the velocity of projection at any point A, is 
the ſame as the body would acquire by falling through one fourth 
of the Parameter belonging to that point. 

Corollary I. Hence the velocity at any point A is equal to 
that acquired by falling from the directrix of the parabola to that 
point; for the diſtance between the point and the directrix is equal 


to the diſtance from the point to the focus, which is known to be 


One 


[ 29 ] 
one fourth of the parameter: this diſtance, when A is the point 
of projection, is uſually called the impetus. 
ConolLary II. Hence alſo, the range on a horizontal plane, at 
an elevation of 4; degrees, is twice the impetus; for in that caſe, 
the focus is in the point biſecting the horizontal range, and the diſ- 


tance from thence to the point of projection, is equal to the diſtance 
of the point of projection fromthe directrix. 


| PROPOSITION IV. 


IIVEN the direction and impetus of the ProjeQle, to find 
where the curve deſcribed thereby meets a plane paſling 
through the point of projection. See Fig. XXXVI. and XXXVII. 
Ltr AP be the plane, AB the direction of projection, and AC 
the impetus or ſpace through which the body muſt fall to acquire 
the velocity of projection; continue AP to meet CD (drawn per- 
pendicular to AC) in D, make the angle BAF=BAC and AF=- 
AC; join DF, and from A, with the diſtance AC, deſcribe a circle 
cutting DF in n; join An and draw FP parallel thereto, then P is 
the point required. | 
Fon draw PE perpendicular to CE, then becauſe An is parallel 
to PF, DA: DP: :An: PF: : AC: PE, but An is equal to AC, there- 
fore PF is _ to PE, therciars the point P 1s in the parabola. 


PROPOSITION V. 


IVEN the direction and velocity of projection, to find the point 
where the Projectile meets a plane given in poſition. See 
Fig. XXXVIII. XXXIX. and XL. 
Lr AC be the impetus, AR the direction, and BP the plane, it 
1s required to find the point P where a body projected in the di- 


rection AR meets the plane BP. 
H | PROPDUCE 


I 3 | 


Prnopuct PB to meet DC (which is normal to AC) in D; and 
produce AC to cut the plane BP in B, make the angle RAF= 
RAC, and AF equal to AC, and join DF, and from the centre B, 
with the diſtance BC, deſcribe a circle cutting DF in n, join Bn, 
and parallel thereto draw FP, which cuts the plane in he point P 


required. 


Fox AC=AF by Couficuſiion, alſo DB: DP: :Bn : PF: :BC : PE, 
but B DBC, therefore PF= PE, and — the point P is 


in the parabola. 


PROPOSITION VI. 


IVEN the velocity and direction, to find in what part of a 
given plane a piece ought to be placed to hit an object in the 
lame plane. See Fig. XLI. and III. 

Lr P be the object, PA the plane, PB the direction, and PE 
perpendicular to the horizon. Make BPM=BPE, and PR the 
impetus; in PM, PE take any two equal lines Pm, Pe; draw ed 
perpendicular to PE and join dm; take Pf=Pe or Pm, and con- 
tinue it if neceſlary, and draw RF parallel to PA, cufting Pf in F, 
then FA drawn parallel to PR gives the point A required. 

For draw FE, EM parallel to fe, em, and continue MF to meet 
PA in D and join DE. and draw AC parallel to PE; then becauſe 
PF, PE and PM, as well as P/, Pe, P are equal, DM and dn are 
parallel, therefore Pf: PF: :Pd: PD: : Pe: PE, therefore de is to 
DE; alſo DA:DP: :AF: PM:: AC: PE, and therefore AC A, 
and FP =PE, con{cquently a body projected from A with che im- 
petus AC, and direction bilecling the angle CAF (equal EPM), 
wil rike the point P. | | 


PROPO- 
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PROPOSITION VII. 
IVEN the velocity of projection; required the direction ſo that 
the Projectile may 7 through a given point. See Fig, 
XLIII. and XLIV. | 
Lr A be the point from bene the projection is to be made, 
AC the impetus, and P the given point. N 
PereENDICULAR to AC draw CE, join AP, and draw PE at right 
angles to CE, and from the centres AandP, with the diſtances AC 
and PE, let two circles be deſcribed interſecting each other in F 
and /, then the arcs CF, C/ being biſected will give two directions, 
either of which will anſwer the purpoſe. 
For becauſe CAB=BAF, AB is the tangent, and F the focus, 
and FP=PE, therefore the point P is in the parabola, This ſolu- 
tion has been given by other writers. 


PROPOSITION VIII. 


IVEN the direction and velocity, required to ſind in what part 
of a plane a piece muſt be placed ſo as to hit a given object 


above or below the given plane. See Fig. XLV. 


Lrr AB be the given plane, and P the given object, in AB aſſume 
any point m, and find where a Projectile from thence, with the 
given direction and velocity, would meet a plane PR drawn paral- 
iel to AB, let en be that point, then take mM equal to nP, and M 
will be the point required; or it may be otherwiſe conſtructed, in 
a direct manner ſimilar to that of Prop. VI. 


PROPOSITION 


IVEN the direction of projection, to find the velocity ſo that the 
body may paſs through a given point. See Ti. XLVI.& XLVII. 


Les AB be the direction given, and P the given point; draw 
Am 


Dr 


—— — — — ” 


! 
Am parallel to the horizon, and AC perpendicular to it, and 
draw AF making the angle BAF equal to BAC; from P draw the 


perpendicular Pm to Am, and with that diſtance deſcribe a circle, 


and in AF take Aw equal to its radius, join wP, and draw As pa- 


rallel to it cutting the circle in 5, then Ps being At Ul cut AF 


in F, and AC=AF will be the impetus required, 

For draw CE perpendicular to AC, then becauſe As is parallel 
to Po, and Aw=Ps, AF will be =Fs, but AF=AC=Em;, 
therefore Fxs=Em and FP=EP, therefore the point P is in the 


* 


parabola, 
N X. 
IVEN the projectile velocity, required the direction ſo that 
the range on a plane, paſſing through the point of projection 
may be the greateſt poſſible. See Fig. XLVIII. | 
Lrr AC be the impetus as before, and AP the plane; then let 
AB be drawn to biſect the angle CAP, and AB will be the direc- 
tion required. | 
For let A/ be any other direction, and Ay the range anſwering 


to it (in the ſame manner as AP was the range anſwering to AB), 


and take fAd=CAf, and draw Dy parallel: to Ab, which gives 


pb; wherefore Db: Dd: :DA : Dp, alſo DN: DF: :DA : DP, but the 


ratio of Db to Dd is greater than the ratio of Dn to DF, conle- 
quently the ratio of DA to Dþ is greater than the ratio of DA to 
DP. and therefore DP is greater than Dy, and conſequently DP 


is the greateſt range ſought. 


PROPOSITION XI. 
AVING given the Projectile velocity, it is required to find the 
direction, ſo that the range on a plane given in poſition may 


be the greateſt poſſible, 
Dzany 


1 

Draw DCE perpendicular to AC, and let AC the impetus meet 
BP the given plane in B; from the centres B and A wich the radii 
CA and CB deſcribe two circles, and from their centres draw AS 
and RB parallel; join RS meeting AB in x, and draw Dx cutting 
the circles ACS and BCR in F anden, and alſo join AF meeting 
the plane in P, and biſect the angle CAF by the line Ab; then Ab. 
is the required direction, and P the point where the en, 
meets the plane. 

For, aſſume any other direction than Ab, and . ito bj- 
ſe the angle CAr, and let Dr meet the circle BCR in m, and the 
circle PE in t, join Bm, and parallel to BY draw Tp meeting BP 
in p; then becauſe .BR : AS:: Bx: Ax: :Bn: AF, therefore Bn is, 
parallel to AFP; and becauſe Bn and 5G. are equal, PF is equal 
to PE and CA to AF, therefore the points A andP are in a parabola 
whoſe focus is F, and becauſe AFP is a right line, a circle deſcribed 
from the centre P, and diſtance PE touches the circle ACS; alſo 
becauſe the centres of the circles RC and Fx E are in the line 
BP, and DCE is their common tangent, Dk: Dz: :Dn: DF (by 
Prop. V. Apollonius de Locis planis), but D: DPF:: Dm: Dt: :DB- 

: DP; but the ratio of Dm to Dt, is leſs than the ratio of Dm to 
Dr, or of DB to D þ, therefore the ratio of DB to DP is leſs than 
the ratio of DB to Dp, and therefore Dp is leſs than DP, and 
conſequently DP is the greateſt range poſlible; for þ is alſo a point 
in the parabola, to which the line biſecting CAr is a tangent, be- 
cauſe rp and Bm are parallel, and Bm equal to BC, therefore pr 
1s equal to pe. 
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SCHOLIUM. 


A® it may be neceſſary, in ſome of the foregoing Conſtructions, 
to draw a line from a given point through the interſection of 
two lines given in poſition, when that interſection is not actually 
aligned, or falls without the limits of the paper, &c. I would re- 
commend lor that purpoſe the method inſerted in the firlt edition 
of Brook Taylor's Perſpective, a demonſtration of which may be 
ſeen in p. 38 of my Diary for 1778; but as that operation is not 
often requiſite in ſome of the ſimpleſt problems, eſpecially When 
the methods of Conſtruction of Mr. Cotes and Dr. Pemberton arc 
employed, I have here ſubjoined a ſmall piece containing the ſub- 
tance of what has been given by Keill, Gray, Starratt, &c. toge- 
ther with the trigonometrical inveſtigation of the greateſt part of 
Mr. Simplon's Rules, done in a different and ſimpler method. See 
Fig. LI. and LI. 

Ltr AC be a plane given in poſition, AB the given direction 
in which a ball is fired, with the velocity acquired by falling 
through the given ſpacer A; and let Am be perpendicular to the 
horizon, and —4 Ar, and a circle be deſcribed through the points 
A, m, touching AC in A, and meeting AB in B; then if BC be 
parallel to A, the ball will meet the plane AC in the point C: 
here C is ſuppoſed to be the object. 

For by Prop. III. A is one fourth of the parameter of the pa- 
rabola deſcribed by the ball, therefore Am is the parameter, and 
becauſe the angle BAC B m A, and ABC BA m, therefore ABn 
—=ACB, and the triangles are equiangular, conſequently Am- BC 
—=AB* ; therefore che point C is in the parabola. 


Arso the time of deſcent through m A, the time of deſcribing 
b Am 
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Am uniformly with the velocity acquired by falling through rA, | þ 
and the times of aſcent from A to r and deſcent from er to A, taken 3 
together, are equal. 


Fox ſuppoſe two bodies heath directly upwards from A, 


9 


with a velocity equal to that acquired by falling through rA, and 


— 


that gravity acts on the firſt, while the ſecond moves uniformly; 
then by Prop. I. it is evident that while the firſt body aſcends to r, | 4 
the other will have moved uniformly twice that diſtance, or through „ f 
AN; and while the firſt body deſcends again from r to A, the ſe- 
cond will move through X m, wherefore the times of aſcending 
and deſcending through Ar andrA, taken together, are equal to 
the time of equable aſcent or deſcent through Am; and if ms be 
one fourth of Am, a body deſcending from reſt at m acted on by 
gravity, will deſcribe ms while the other aſcends through Ar, and 
the remainder A while the other deſcends from xr 10 A, by Cor. 


to Prop. I., becauſe ms is to 5A as 1 to 38. 


eee Guat ron” eee 
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Also the time of flight in perpendicular projections is to the 
time of flight in oblique, with the ſame velocity, as Am to AB. | 

For the time of deſcribing AB uniformly with the velocity of | 
projection, is equal to the time the ball takes to deſcribe the curve 
which paſſes through C, ſince the velocity, in direction AB (which 
may in both caſes be repreſented by AB), may be reſolved into the 
two repreſented by AC and CB, and in theſe directions; but as 
AC is the ſame in both, the ball arrives at C, when acted on by 
gravity, in the ſame inſtant that it would arrive at B with the uni- 
form velocity of projection if gravity did not act; and the time of 
deſcribing Am is to the time of deſcribing AB as the lines them- 


ſelves when the velocity is the ſame. . 
1 From the above principles the ſolutions of the following pro- 
EZ blems may be deduced. 5 £8. 
- I. When 
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I. When the direction, the impetus and poſuion. of the object are given, 
to ſind the time. Let Am=4 times the impetus, AB the direction, 
and C the object, and let Am and CB be perpendicular to the ho- 
rizon; then deſcribe a circle through the points A and m touching 


AC in A, and meeting CB in B, then Am is to AB as the time of 


flight in the perpendicular projection to that in the direction AB: 
and becauſe AC MARS S BA, and BAC=s. BmA, and 
the time of deſcribing Am is r by Prop. I. therefore A 
:5*BAC: :Am: AB:: HA: time of flight, which gives this rule: 
As the fine of the zenith diſtance of the object, is to the fine of the elevation 


of the piece above the object, ſo i half the ſquare root of the number of ſees © 


in the impetus to the lime required. 

II. When the poſition of the object and direction of the piece are given, 
to find the impetus. Draw CB perpendicular to the horizon meet- 
ing the direction AB in B, and on AB deſcribe a ſegment of a circle 
containing the given angle BAC meeting Am (parallel to BC) inm, 
then Am is 4 times the impetus; and becauſe 5 * ABD (s*mAB}) : 
radius : :AD: AB, and s* BAC (BMA): ACD (5: ACB=s: ABm) 
: AB: Am, therefore ABN BAC : rad. x ACD: AD: Am, 
which gives this trigonometrical rule: As the refangle of the fine of 


the zenith diſtance of the piece, and the ſine of its elevation above the object 


rs to the rectan le of the radius and the fine of the zenith diſtance of the ob- 
ject, fo is the horizontal diſtance of the object to four times the impetus. 

III. The inclination of the plane, the direction and impetus being given, 
to find the range on that plane, Let AB be the direction, and A 
4 times the impetus, and make the angle AmB equal to BAC, then 
BC drawn parallel to Am, meeting the plane in C, gives AC the 
range required. And becauſe 5*mAC (5+mQA): 5+ BAC (5+ BQA) 
: Am: AB, and 5:mAC (5+ ACD=5: ACB): 5+ AB G ABC): :AB 
AC; therefore C: BAC N AB:: Am: AC, which gives 
this 
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this practical rule: As the ſquare of the ſine of the plane's zenith diſtance 
is to the reflangle of the fines of the elevation above the plane, and zenith 
diſtance of the piece, fo is four times the impetus, to the range required. 
And by inverting the terms, the impetus may be found from this 
proportion, when the range, direction and poſition of the plane are 
given. 
Hexce alſo the greateſt range on a horizontal plane 1s twice the 
: impetus; for when AC is horizontal, the centre P falls in X, and 
; Xb or AC becomes AX; and hence, when Ac the greateſt range 
on the inclined plane is given, AX, or the greateſt range on the 
plane of the horizon may be found by finding cd, which is a 
fourth proportional to radius, the fine of the plane's inclina- 
tion cAd, and Ac the range given; then Ac plus or minus cd accord- 
ing as the object is elevated or depreſſed gives d AX, the greateſt. 
horizontal range required: alſo when Ac the range on the given 
plane AC is the greateſt, and bc=Ac touches the circle in , the 
angle bAc=Abc=bAm, therefore the range is greateſt when the 
direction of the piece biſects the angle between the plane and 
the zenith: again, when the greateſt horizontal range is known, 
the greateſt range. on a given plane may be found; for the firſt 
being SAX or bd, and the angle mAb or zm Ac, and its comple- 
ment bAd, being given, and alſo Ad; therefore tan. bAd: tan. 
cAd: :bd: dc, and the ſum or difference of bd and dc is =bc=Ac the 
range ſought. | 
IV. The impetus ond poſition of .the object being given, to find the di- 
reftion ſo as to hit the object. Take Am as before, and draw a circle 
through the points A and m, touching the given line AC in the 
point A, and through the object C draw CB parallel to Am, meet- 


ing the circle in B; then AB is the requiſite direction. Again, 
K _ becauſe 
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becauſe the angle XAPSY DAC, AD: CD:: AX: XP, and XP 
added to, or ſubtracted from, AD or XZ, according as the objeQis 
elevated above the horizon, or depreſſed, gives PZ; then AX: 
PZ AR. XPA): cof. BPZ (5 PBZ), then half 
BPZ == AB, and bAB+ 3mAC (bAC)=BAC; which gives this 
rule for the calculation. As the radius is to te iangent of the object's 
elevation or depreſſion, ſo is twice the impetus to a fourth proportional, which 
add do, or ſubtract from, the horizontal diſlance of the objett, according as 
tt is elcvated or deprefſed ; then twice the impetus is to the lafl refult, as the 
the fine of the zenith aiflance of the object, to the coſine of an angle, halſ of 


which being added to, or ſubtradted from half the zenith diſtance of the 
object, gives the two zenith diflances of the directions by which it may be hit. 


IT is evident that, in horizontal projections, Am is the diameter of 
the circle, X its centre, and BXA twice the angle BACor BMA, and 
alſo AC equal to the fine of BXA, or twice BAC; hence the ran es on | 
a horizontal plane, with the ſame impetus, are as the ines of twice the angles 
of elcvation; and as AX is the greateſt horizontal range, AX: AC 
: :radius :5* twice BAC; that is, the greateſt horizontal range is to the 
range at a given elevation, as radius to the ſine of twice the elevation: alſo, 


becauſe the time of deſcent through Am, 1s to the time of flight as 


Am to AB, and Am: AB:: VRN: VBC: :F\/ Am: VBC, therefore 


as V is the time of deſcent through Am, JVC is the time 
of flight; and it is evident that in horizontal caſes AC eis to CB, 
as radius to the tangent of the angle of elevation. 


Hence, by varying the terms of thoſe proportions, we have rules 
for ſolving the following problems in horizontal-projections. 
I. Havixe the diſtance of the object and the elevation of the 


piece, to determine the time of flight. 
RuLit, 


1 


Rol z. As radius is to the tangent of the elevation, ſo is the given diſ- 
tance of the obje in feet to a number, one fourth of whoſe * root is 


the number of ſeconds required. 
II. Havine given the greateſt range on a horizontal Rome to 


find the range at any propoſed elevation. 

RuLe. As radius ts to the ſine of twice the given elevation fo is the given 
range lo the range required. 

III. Havine the greateſt range given, it is required to find the 
elevation to ſtrike an object at a given horizontal diſtance, 
Korx. As the greateſt range is to the given diſtance, ſo is radius to the 

fine of twice the angle of elevation. 

IV. Tur elevation and diſtance of the object being given, re- 
quired the impetus ſo as to ſtrike the object. 

Rol. As the ſine of twice the elevation is to radius, ſo is the given di iſ 
tance of the object to twice the impetus. 

V. Tux range at one known elevation being given, to find the 
range at any other known elevation. 

Rur E. As the ſine of twice the firſt elevation is to the fine of twice the 
ſecond, ſo is the range at the firſt elevation lo that at the ſecond. 
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In page 17, line 11, and page 20, line 3, for fn read third. 
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